We prove that the difference between the n-th hyperfibonacci number of r-th generation and its two consecutive predecessors is the n-th regular (r − 1)-topic number. Using this fact we provide an equivalent recursive definition of hyperfibonacci sequences and derive an extension of the Binet formula. We also prove further identities involving both hyperfibonacci and hyperlucas sequences, in full generality.
Introduction
The hyperfibonacci sequence of r-th generation, denoted by (F (r) n ) n≥0 , is defined by the recurrence relation 
where r ∈ N and F n is the n-th term of the Fibonacci sequence. In the same manner one can define hyperlucas sequences. The hyperlucas sequence of r-th generation (L (r) n ) n≥0 is defined by means of the recurrence relation
where r ∈ N and L n is the n-th Lucas number. Table (1) shows the starting terms of the first two generations of the hyperfibonacci and hyperlucas sequences. Table 1 : The starting terms of the first two generations of the hyperfibonacci and hyperlucas sequences.
Dil and Mező recently introduced these sequences in a study of a symmetric algorithm for hyperharmonic, Fibonacci and some other integer sequences [1] . The same authors provide further refinements on this subject [2] . On the other hand, hyperfibonacci sequences occur naturally as the number of board tilings with squares and dominoes. We let f (r) m denote the number of ways to tile an m-board with at least r dominoes. Then, for n, r ≥ 0 the relation
holds, with f (r) 0 := 1 [3] . Thus, the (n + 1)-th hyperfibonacci number of r-th generation is equal to the number of (n + 2r)-board tilings with at least r dominoes. Equivalently, hyperfibonacci sequences represent the number of decompositions of an integer into summands 1 and 2, with the constraint on the number of 2s. This follows immediately from the fact that one can code squares and dominoes with 1 and 2, respectively. For example, when n = 3 and r = 1 we have f It is worth mentioning that several interesting number theoretical and combinatorial properties of these sequences have already been proven [5, 6, 9] . In the following we use these facts in order to establish further identities for the hyperfibonacci sequences.
Alternative definition of hyperfibonacci sequences
One can immediately see that the relation follows from the definition of hyperfibonacci numbers (1) . Now we present a recurrence relation for the n-th hyperfibonacci number that involves its two predecessors of the same generation. Lemma 1 gives such a relation for r = 1. Lemma 1. The elements of the sequence (F (1) n ) n≥0 of the first generation of hyperfibonacci numbers satisfy the following recurrence:
Proof. According to (2) there are F (1) n+2 (n + 3)-board tilings with at least one domino. We consider the last tile in a tiling, which can be either a square or a domino. Tilings that end with a square are obviously equinumerous to tilings of an (n + 2)-board having at least one domino. The number of such tilings is F (1) n+1 . However, the number of tilings ending with a domino is not equal to F (1) n since, when fixing the last domino, here we have one (n + 1)-tiling with all squares. This tiling does not meet the condition on the minimal number of dominoes in a tiling, so we have to add 1 in order to establish the equality.
With similar arguments one can prove that in the case r = 2, the relation
holds. We generalize these recurrences in Lemma 2. We recall that polytopic numbers are a generalization of square and triangular numbers. These numbers can be represented by a regular geometric arrangement of equally spaced points. The n-th regular r-topic number P (r) n is equal to P (r)
Lemma 2. The difference between the n-th r-generation hyperfibonacci number and the sum of its two consecutive predecessors is the n-th regular (r − 1)-topic number,
Proof. Again we use arguments on the last tile in board tilings. First we observe that tilings of an (n + 2r + 1)-board with at least r dominoes, ending with a square are equinumerous to tilings of an (n + 2r)-board with the same restriction. The latter has F (r) n+1 elements.
We separate the tilings ending with a domino into two disjoint sets A and B. The set A consists of tilings that have exactly r dominoes and the set B contains the rest of tilings, i.e., the tilings having at least r + 1 dominoes. Having in mind that one domino is fixed, the tilings in the set B are equinumerous to the tilings of an (n + 2r − 1)-board with the same restriction, i.e.,
n . Now we use the fact that the number of tilings of an m-board with M dominoes and m − 2M squares is equal to the number of (m − M)-combinations over a set of M elements.
A tiling in the set A has n + r tiles,
which means
The fact that F 
Identities for the r-th generation of hyperfibonacci numbers
In this section we present some identities that hold for every generation of hyperfibonacci numbers.
Theorem 1. For the r-th generation hyperfibonacci numbers 7-board tilings.
Proof. According to (2), the r.h.s. of the relation above is equal to f (r)
n+2r . We use the fact that the number of (n + 2r)-tilings with k dominoes is equal to
n+2r represents the number of (n + 2r)-tilings with at least r dominoes we sum up the numbers of (n + 2r)-tilings with r, r + 1, . . . , ⌊(n + 2r)/2⌋ dominoes.
One of the basic properties of the hyperfibonacci sequence in the case r = 1 is expressed by the relation
that is an immediate consequence of the elementary Fibonacci relation
Consequently, an extension of the Binet formula to the first generation of hyperfibonacci numbers is
where φ andφ are the golden ratio and its conjugate, respectively,
Lemma 3 is an extension of the relation (5) to the hyperfibonacci sequence for r = 1.
Lemma 3. The sum of the first n + 1 hyperfibonacci numbers of the first generation is equal to the difference between the (n + 4)-th Fibonacci number and (n + 3),
Proof. Using (4) we obtain
Taking into account the definition of the hyperfibonacci numbers (1), Lemma 3 gives
which can also be written as
Furthermore, we are going to show that the n-th hyperfibonacci number of the r-th generation F (r) n is equal to the (n + 2r)-th Fibonacci number diminished by the sum of r binomial coefficients. This is expressed in Theorem 2 and provides an extension of the Binet formula to hyperfibonacci sequences. The proof uses the known Fibonacci relation
that also follows from Theorem 1 for r = 0.
Theorem 2. The n-th hyperfibonacci number of r-th generation is equal to the difference between the (n + 2r)-th Fibonacci number and the sum of r binomial coefficients,
Proof. We give a proof by induction on m = n + r. The induction base is as follows:
Since by (7) we have
we also have (for all r)
The induction step is as follows:
The following result immediately follows from the relation (7). Corollary 1.
Proof.
Proposition 1. For any r ≥ 0 the hyperfibonacci numbers of r-th generation satisfy
Proof. For the case r = 0 we have the known property of Fibonacci numbers
In the case r = 1, one can prove the above relation as follows. By the formula (4) we have
, and thus, since lim n→∞ 1 Fn = 0, by using (9) we obtain lim n→∞ n+1 we obtain
, where Q r−1 (n) and R r−1 (n) are polynomials (with rational coefficients) in the variable n of degree r −1. By using the Binet formula for Fibonacci numbers, we have, for any polynomial Q r−1 (n) in n of degree r − 1 (with r ≥ 1 arbitrarily fixed),
Since |φ| > 1 and |φ| < 1, by basic mathematical analysis facts lim n→∞
= 0, and we finally get lim n→∞ Q r−1 (n) F n+2r = 0. This holds for both polynomials of degree r − 1 that occur in the formula above and thus lim n→∞
m denote the number of m-bracelet tilings with squares and with at least r dominoes. An m-bracelet tiling is formed from an m-board tiling by gluing together the cells 1 and n. A bracelet is said to be in phase if it ends with a square or a domino. Otherwise, if a domino covers the cells n and 1, the bracelet is out of phase. In Lemma 4 we prove a relationship between bracelet tilings with constraint on the minimal number of dominoes and hyperlucas numbers.
Lemma 4. Let n, r ∈ N 0 . Then the number of (n + 2r)-bracelet tilings with squares and with at least r dominoes is equal to the n-th hyperlucas number of the r-th generation,
Proof. In the first step of the proof we show that the sequence of numbers l (r) n obeys the same recurrence relation (3) as the hyperfibonacci numbers,
We consider the last tile in an (n + 2r)-bracelet tiling. If the (n + 2r)-bracelet ends with a square, then the remaining (n + 2r − 1)-bracelet can be tiled in l 
When proving it, we use the combinatorial interpretation of hyperfibonacci numbers as the number of board tilings and the interpretation of hyperlucas numbers as the number of bracelet tilings.
Theorem 3. The elements of the hyperfibonacci and the hyperlucas sequences satisfy the following formula:
Proof. Obviously, there is a one to one correspondence between the number of (n+2r)-board tilings and in phase bracelets of the same length. Let us separate the out of phase (n + 2r)-bracelet tilings into two disjoint sets, such that the set A contains tilings with exactly r dominoes and the set B contains tilings with at least r − 1 dominoes. Having in mind that one domino is fixed, the tilings in B correspond to (n + 2r − 2)-board tilings with at least r dominoes, thus
n−1 . Since the tilings in A consist of a number of (n + 2r − 2) − (r − 1) = n + r − 1 tiles, r of them being dominoes (one of them is a fixed domino), we have
The fact that
completes the proof.
Possibly, Theorem 3 can be used to prove further hyperfibonacci -hyperlucas identities.
Some identities for the first generation
In this section we demonstrate that there are Cassini-like formulas for the first generation of hyperfibonacci sequences. We were able to prove both Theorem 4 and Theorem 5 using the extension (6) of the Binet formula to the hyperfibonacci sequence in the case r = 1. We also provide elegant proofs employing the Cassini identity [8, 10] for the Fibonacci sequence,
and its generalization
known as the Catalan identity.
In particular, we are going to show that for even n the difference of the square of the n-th hyperfibonacci number F (1) n and the product of its two neighbors is equal to F
Otherwise, when n is odd the relation
holds. We prove these facts in Theorem 4 by means of the Cassini identity. Theorem 4. For the first generation of hyperfibonacci numbers and n ≥ 3 the following identity holds:
Proof. Using (4) and (11) we have
There is also regularity in the difference between the square of a hyperfibonacci number of the first generation and the product of its two second neighbors. Namely, according to the closed formula for the first generation hyperfibonacci numbers (6) we get
which is equal to (−1) n + F n+3 + F n+2 + F n − 2(F n+1 + F n ) and finally to (−1) n + F n+2 = (−1) n + 1 + F
n .
This result is expressed in Theorem 5. We also provide a proof by means of the Catalan identity. Proof. Using (4) and (12) we have
n−2 F
(1)
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